Triply degenerate band crossing can generate novel triply degenerate nodal point (TDNP) fermions. For the TDNP character to the best manifest in physical properties, it desires that the TDNPs are near the Fermi level, far away with each other in the reciprocal space, and not coexisting with other quasiparticles or extraneous bands. Here we predict that the centrosymmetic material Li 2 NaN is a realistic TDNP semimetal that meets all these requirements. Li 2 NaN features only a single pair of TDNPs at the Fermi level, under the protection of the C 6v symmetry. Interestingly, the TDNPs identified here show the critical-type band crossing, which is different from those in previously reported TDNP semimetals. The Fermi arc surface states for the TDNPs have been identified. Under lattice strain, we show that the position of the TDNPs can be tuned, and the TDNPs can even be annihilated. The centrosymmetry in Li 2 NaN makes the TDNP transform into a critical type Dirac point under the spin-orbit coupling, which is drastically distinct from those in noncentrosymmetric systems. Such centrosymmetic TDNP semimetal has been rarely identified in realistic materials. . However, the experimental detection on the intrinsic properties of TDNP fermions is still in challenge, mainly due to the lack of ideal candidate materials. For an ideal TDNP semimetal, candidate materials should at least meet the following requirements. First, the TDNPs should appear near the Fermi level. Second, it is the best that the materials only possess a single pair of TDNPs. Third, the TDNPs are far away with each other in the reciprocal space. Fourth, the TDNPs do not coexist with the other quasiparticles or extraneous bands. These rigorous requirements have led to the great scarcity of suitable TDNP candidate materials. Therefore, to facilitate the experimental investigation on the properties of TDNP semimetals, it is in urgent need to search for ideal candidate materials that meet these requirements.
Triply degenerate band crossing can generate novel triply degenerate nodal point (TDNP) fermions. For the TDNP character to the best manifest in physical properties, it desires that the TDNPs are near the Fermi level, far away with each other in the reciprocal space, and not coexisting with other quasiparticles or extraneous bands. Here we predict that the centrosymmetic material Li 2 NaN is a realistic TDNP semimetal that meets all these requirements. Li 2 NaN features only a single pair of TDNPs at the Fermi level, under the protection of the C 6v symmetry. Interestingly, the TDNPs identified here show the critical-type band crossing, which is different from those in previously reported TDNP semimetals. The Fermi arc surface states for the TDNPs have been identified. Under lattice strain, we show that the position of the TDNPs can be tuned, and the TDNPs can even be annihilated. The centrosymmetry in Li 2 NaN makes the TDNP transform into a critical type Dirac point under the spin-orbit coupling, which is drastically distinct from those in noncentrosymmetric systems. Such centrosymmetic TDNP semimetal has been rarely identified in realistic materials.
Materials with nontrivial band topology have attracted great interests in recent years. Beside their potential technological applications, topological materials provide the possibility to study the fundamental physics theories in the relatively convenient condensed matter scale. For example, Weyl (Dirac) semimetals [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] host Weyl (Dirac) points with doubly (fourfold-) degenerate linear band crossings near the Fermi level, and their low-energy excitations can serve as the analogues of Weyl (Dirac) electrons in high-energy theories. More interestingly, three types of quasiparticle excitations, namely triply, six, and eightfold-degenerate nodal points, which even do not have high-energy counterparts, have also been proposed in realistic topological materials 15, 16 . In particular, the triply degenerate nodal points (TDNPs) [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , which are formed by the crossing between a non-degenerate band and a doubly-degenerate band, are proposed to host intriguing physics, such as large negative magnetoresistance 27 . However, the experimental detection on the intrinsic properties of TDNP fermions is still in challenge, mainly due to the lack of ideal candidate materials. For an ideal TDNP semimetal, candidate materials should at least meet the following requirements. First, the TDNPs should appear near the Fermi level. Second, it is the best that the materials only possess a single pair of TDNPs. Third, the TDNPs are far away with each other in the reciprocal space. Fourth, the TDNPs do not coexist with the other quasiparticles or extraneous bands. These rigorous requirements have led to the great scarcity of suitable TDNP candidate materials. Therefore, to facilitate the experimental investigation on the properties of TDNP semimetals, it is in urgent need to search for ideal candidate materials that meet these requirements.
In the present work, based on the first-principles calculations, we report that the centrosymmetric Li 2 NaN is an ideal TDNP semimetal which meets all the requirements mentioned above. More interestingly, the TDNPs in Li 2 NaN are formed by the crossing of a flat band (double-degenerate) and a dispersive band (nondegenerate). Such critical-type TDNPs with unique slope of band crossing are different from previously studied ones. The nontrivial surface states from TDNPs are revealed. Moreover, we find that strain can effectively tune the position of the TDNPs and even annihilate the TDNPs to drive the system into a nodal line phase. Because of the presence of inversion symmetry, the TDNPs transform into critical-type Dirac points under spin-orbit coupling (SOC). Considering the SOC effect is negligible in the Li 2 NaN material, the TDNP signatures should clearly manifest for experimental detections. Our work offers an ideal platform for experimentally investigating the novel properties of TDNP semimetals.
We perform first-principles calculations in the framework of density functional theory using the projector augmented wave method, as implemented in the Vienna ab initio Simulation Package [34] [35] [36] . For ionic potentials, we use the generalized gradient approximation with the Perdew-Burke-Ernzerhof realization 37 . The cutoff energy is chosen as 500 eV, and the Brillouin zone (BZ) is sampled with a Γ-centered k-mesh of size 13×13×13 for geometry optimization and self-consistent calculations. The energy convergence criterion is set as 10 −6 eV. To investigate the topological surface states, we construct the localized Wannier functions 38, 39 , and calculate surface spectra by using the WANNIERTOOLS package 40 combined with the iterative Greens function method 41 . The Li 2 NaN material (ICSD No.: 92308) has a centrosymmetric hexagonal crystal structure with the space group P6/mmm (No. 191). As shown in Fig. 1(a) , the bonding of Li and N atoms forms a coplanar Li-N layer and stacks with the Na layer along the c axis. In the unit cell, Li, Na and N atoms occupy the 2c (1/3, 2/3, 0), 1b (0, 0, 1/2) and 1a (0, 0, 0) Wyckoff sites, respectively. The fully relaxed lattice constants are a=b=3.658Å , c=4.761Å , which match well with the experimental values (a=b=3.65Å and c=4.60Å ) 42 . The optimized lattice structure is used in our calculations.
The orbital-projected band structure for Li 2 NaN is plotted in Fig. 2(a) . Here, we did not consider SOC in the calculation since the SOC strength is relatively small in Li 2 NaN (because the material only contains light elements), and we will discuss its effect later. In the band structure, we clearly observe a linear band crossing point on the Γ-A path at the Fermi level. Actually, the crossing point has a triple degeneracy, because it is formed by the crossing of a non-degenerate band and a doubly-degenerate band. By analyzing the orbital components, we find that the non-degenerate band mainly originates from N-p z orbital and the double-degenerate band is mostly contributed by N-p x and N-p y orbitals. Symmetry analysis shows the two bands respectively belong to irreducible representations E 1 and A 1 of the C 6v symmetry for the Γ-A path, as indicated in the enlarged band structure in Fig. 2(b) . For the paths away from the Γ-A, the degeneracy of the bands around the TDNP is fully split. In Fig. 2(c) we show the band dispersion in the (100) direction with k z tuned to the TDNP, and the corresponding k -path is displayed in Fig. 2(d) . We can observe a linear band crossing are superimposed with a quadratic band, and the three bands cross at the same point, being similar with most TDNP materials [19] [20] [21] [22] . Due to the presence of time reversal symmetry, there is a pair of such TDNPs, locating on both sides of the Γ point, as illustrated in Fig. 2 
(d).
We notice that the TDNPs in Li 2 NaN have following features. As shown in Figs. 2(a)-(c) , there only exists a single pair of TDNPs in the BZ, and the TDNPs just situate at the Fermi level. The TDNPs are naturally far away from the Γ point (at a ∼ 1/5 distance of the Γ-A line). More importantly, the band structure around the TDNPs is quite clean in the sense that near the Fermi energy there is no other extraneous band. Therefore, Li 2 NaN satisfies all the requirements for an ideal TDNP semimetal.
Besides, we also have following remarks. First, TDNPs can be classified into type-A and type-B based on the connection condition for the pair of TDNPs 19 . The type-A TDNPs are connected by a single nodal line, while the type-B TDNPs are accompanied by four nodal lines. Here, from Figs. 2(a) and 2(d), we find that the TDNPs in Li 2 NaN belong to type-A. Second, unlike most TDNPs identified in noncentrosymmetric materials [17] [18] [19] [20] [21] [22] [24] [25] [26] [27] [28] [29] , the TDNPs in this work exist in the centrosymmetric system. Such centrosymmetric TDNP semimetal have only been reported previously in TiB 2 material 23 , along with distinct properties (such as novel topological phase transition upon SOC) proposed. So Li 2 NaN can provide another platform to investigate the unique properties of centrosymmetric TDNP semimetals. Third, around the TDNPs, the band structure manifests a critical-type (between conventional type-I and type-II) band crossing, which is formed by a flat band (double-degenerate) and a dispersive (non-degenerate) band. Similar criticaltype band dispersion was previously proposed in Dirac 2 NaN, we show the projected spectrum for the (010) surface and the corresponding constant energy slice at the Fermi level in Figs. 3(a) and 3(b) , respectively. The exact positions of TDNPs are indicated. We indeed observe the Fermi arc connecting the pair of TDNPs in Li 2 NaN. These Fermi arc surface states are quite promising to be detected by surface-sensitive probes such as ARPES.
The TDNPs in Li 2 NaN are protected by the C 6v symmetry of the Γ-A line in the absence of SOC. They are robust against weak perturbations with the C 6v symmetry preserved. However, a stronger perturbation may remove the TDNPs by pulling the crossing bands apart, during which the TDNPs annihilate. Such scenario can be realized by strain engineering. Here, we apply the biaxial strain in the a-b plane. The phase diagram of Li 2 NaN under strain is shown in Fig. 4(a) . Under compressive strain, the TDNPs move away from the Γ point along the Γ-A line. While for tensile strain larger than 3.1%, the TDNPs annihilate and only leave a nodal line on the Γ-A path, making the system into a nodal line phase. The representative band structure for the nodal line phase is illustrated in Fig. 4(b) . Thus, strain can serve as an effective method to tune the TDNPs in the Li 2 NaN system. Now we turn to the band structure under SOC. Considering the bands near the Fermi level mainly origi- nate from the N atomic orbitals [see Fig. 2(a) ], the SOC strength is expected to be relatively small since N is a light element. This has been verified by our DFT calculation. Fig. 5(a) show the band structure of Li 2 NaN with SOC. We can observe that the band structure is quite similar to that without SOC in Fig. 2(a) . Zooming in the band structure around the TDNP [see the inset of Fig. 5(a) ], we find the flat band is split into two flat bands with a quite small band gap (< 10 meV), which ascribes to the Kramers-like degeneracy under SOC. After considering SOC, there also exists a band crossing from a flat band and a dispersive band. The two bands are both doubly-degenerate because of the coexistence of inversion and time reversal symmetries in the system. Thus, this band crossing forms a critical-type Dirac point, as shown in the inset of Fig. 5(a) . Such SOC-induced TDNP-toDirac point transition is a typical signature of the centrosymmetic TDNP semimetal 23 , which does not the preserve in inversion-asymmetric TDNP systems. Here, it is worth noticing that the SOC strength is very small for Li 2 NaN. At energy scales larger than the SOC-induced band splitting (10 meV), the SOC would have negligible influence on the measured properties, thus the Li 2 NaN material is quite promising to be well described by a TDNP semimetal. However, if we replace N atom by the much heavier Bi atom, we can obtain an ideal critical-type Dirac semimetal. The band structure of Li 2 NaBi with SOC is displayed in Fig. 5(b) . Under the strong SOC of Bi atom, the two flat bands are split so much (> 1 eV) that only a clean band crossing for a criticaltype Dirac point remains near the Fermi level. Therefore, Li 2 NaN and related materials provide a promising platform for exploring the intriguing properties associated with TDNP semimetals as well as Dirac semimetals.
In conclusion, we predict that an centrosymmetic material Li 2 NaN is an ideal TDNP semimetal. The material has only a single pair of TDNPs at the Fermi level. The TDNPs naturally situate far away from the Γ point, and there is no other extraneous band near the TDNPs. The Fermi arc surface states corresponding to the TDNPs are observed. Even interestingly, the TDNPs are formed by a unique slope of band crossing from a flat band and a dispersive band, leading to the critical-type band structure, which have not been identified in other TDNP semimetals. The TDNPs are protected by the C 6v symmetry in the absence of SOC, and the TDNPs can be efficiently tuned or even annihilated by strain. Unlike most TDNP semimetals identified in noncentrosymmetric materials, the current Li 2 NaN preserves the inversion symmetry, and features a topological phase transition from the TDNP semimetal to a critical type Dirac point semimetal under the SOC. The SOC strength is found to be quite small, so Li 2 NaN is well described as a TDNP semimetal. Our work provides an excellent material for exploring the intriguing properties associated with TDNP semimetals in centrosymmetric system. 
